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Axisymmetric Oscillations of an Opposing Jet
from a Hemispherical Nose

Masahiro Fujita*
Tokyo University, Tokyo 113, Japan

The flowfield around a hemispherical nose with a sonic opposing jet in a freestream of Mach 2.5 is computed by
a time-accurate algorithm using the axisymmetric Navier-Stokes equations. Five total pressure ratios of a jet to a
freestream, 0.816 ~ 1.633, are examined. The results obtained strongly depend on the total pressure ratio as the pre-
vious experimental results did. In some cases, the computed flowfield oscillates intensely in which the drastic change
of the jet structure and the surrounding pressure takes place. The flowfield changes from the stable flow to the unsta-
ble flow for the same total pressure ratio as in the experiment. The mechanism of the oscillations and the condition
of transition between both types of flow are interpreted physically on the basis of unsteady numerical solutions here.

Nomenclature

= sound speed
= jet exit diameter
= total energy per unit volume
= transformation Jacobian
r = Prandtl number for air
= pressure
e = Reynolds number based on the body diameter and the
freestream condition
= spatial coordinate normal to the body axis
= nondimensional time based on the body diameter and the
freestream sound speed
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U = contravariant velocity component along the & axis
u = velocity component along the x axis

Vv = contravariant velocity component along the n axis
v = velocity component along the r axis

x = spatial coordinate along the body axis

y = specific heat ratio

n = transformed coordinate normal to the body

7 = viscosity coefficient

& = transformed coordinate along the body

o = density

¢ = angle from stagnation point along the body surface
Subscripts

J = values of the opposing jet

oo = evaluated in the freestream

0 = stagnation values

Superscripts

n = evaluated at time nAt

! = evaluated behind the bow shock

Introduction

HE opposing jet problem has attracted many researchers for a
long time not only because of the good applications but also of
the physical complexity.!? The oscillation of the flowfield observed
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in some conditions of the jet has been one of the most interesting
problems. It has been clarified in previous studies that the primary
parameter that affects the flowfield is the ratio of a jet total pressure to
a freestream total pressure.3~3 When the total pressure ratio is more
than a critical value, the flowfield is almost stable, and a Mach disk
can be clearly observed inside the jet (denoted as stable flow). When
the total pressure ratio is under this value, the flowfield becomes un-
stable, and the bow shock oscillates intensely (denoted as unstable
flow). The critical value of the total pressure ratio depends on a
freestream Mach number and a jet exit Mach number. Near the crit-
ical value, the flowfield results in either stable or unstable flow, and
it tends to alter from one to another in turn (denoted as transition).

Previous studies were mainly intended to clarify the structure of
the stable flow and made no detailed analysis of the unstable flow
and the transition.5~2 It is mainly due to the difficulties in the mea-
surement of time variation of flow characteristics, such as bow shock
or pressure on the body surface, in the wind tunnel tests. The present
study attempts to give a reasonable interpretation of the mechanism
of the oscillations by a method of a computation. It is emphasized
that the present computation intends not to simulate the real flow-
field but to solve the simplified equations of fluid on condition that
they preserve essential properties of the flow to obtain the primary
phenomenon in the problem.

In this study, the opposing jet problem is discussed on the basis
of the previous freejet studies, and the existing wind tunnel test on
the opposing jet flow is refereed directly.

Numerical Method
Governing Equations

Ithasbeenindicated in the previous experiments that the actual os-
cillating flowfields are not always axially symmetrical in spite of the
employment of an axisymmetric model without an angle of attack.
In the present study, however, an axisymmetric flow model is applied
on the hypothesis that the essential mechanism of oscillations can
be explained by the axisymmetric flow theory. This approach also
allows us to save computational time. The derivation of the axisym-
metric form from the original three-dimensional equations has been
described in the Appendix of the original paper.’

In the flowfield discussed here, the Reynolds number is high
enough that the returning jet and recirculating flow can be con-
sidered to be fully turbulent. But the frequency of the oscillations
discussed here is much lower than that of usual turbulent fluctuations
of freejets,'%~12 and it has been showed by previous investigations of
the freejet that the jet boundary in the vicinity of the jet exit remains
laminar.'3 Thus it is assumed that the turbulence effect does not
directly affect the oscillations of the flowfield. Under the preceding
assumptions, no turbulent model will be used here.

In the present computation, the subgrid for the jet nozzle is in-
cluded to give the emanating jet condition more accurately. That is,
the jet condition has been directly imposed on the jet inlet in the



subgrid as the jet chamber condition, because the jet flow there is
almost still. Consequently, the jet exit flow at the nozzle throat that
contains the boundary layer at the nozzle wall and the curved sonic
line could be computed precisely without imposing the uniform flow
as the specified boundary condition. The subgrid can be easily in-
cluded by use of the fortified solution algorithm (FSA) described
later. The additional load for the subgrid based on the number of
the present grid points is less than 7% of all computational load per
iteration.

The governing equations are solved on each grid by turns. Then
the FSA,'15 in which the forcing terms are added to the governing
equations, is applied to connect the subgrid with the main grid. The
modified nondimensionalized axisymmetric Navier-Stokes equa-
tions transformed to general curvilinear coordinates are
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where the switching parameter x is set to be sufﬁciently large com-
pared with all of the other terms in the interface region of both grids.
In other region, yx is set to be zero. Then Q ¢ represents the forti-
fied solution, which indicates the solution on the another grid. That
is, when the equations are solved on the main grid, values in the
interface region are set to be the solution obtained on the subgrid
just before, whereas when the equations are solved on the subgrid,
values in the interface region are set to be the solution obtained on
the main grid just before. The high accuracy of the algorithm is
maintained in the interface region as well, because the grid points
there exactly coincide with each other, and no interpolation is used
to transfer solutions between both grids. The basic concept of the
FSA is described in the Appendix.
Each vector in both members of the equations is expressed as
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The stress and heat flux terms in the viscous fluxes are expressed as
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For the present flow condition, the air is assumed to have constant
specific heat and obey the state equation of a perfect gas. Note that
the ratio of specific heat y is set to be 1.4, the Prandtl number Pr
is assumed to be 0.72, and the viscosity coefficient y is obtained
through Sutherland’s formula.

Solution Algorithm

These equations are solved by the finite difference method, and
unsteady solutions are obtained at each time step through a time-
marching procedure. The Lax—~Wendroff type explicit total variation
diminishing (TVD) scheme, proposed by Yee,6 is used to solve the
discretized equations. The author has applied this scheme to several
problems!” 13 to date and obtained satisfactory results in each case.
The scheme is temporally and spatially second-order accurate and
is suitable for the unsteady problem like the one in this paper as well
as steady ones.

The original scheme developed by Yee is applied to one-dimen-
sional systems, and it is necessary to extend it to the multidi-
mensional scheme to apply to the axisymmetric Navier—Stokes
equations. Preserving the original second-order time accuracy, the
extension can be accomplished by, for example, a Strang type frac-
tional step method.! Using this method, the governing equations
are at first decomposed into three equations as
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Then the solution at the next time step is obtained as
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where operators £}, £, and £* are implemented for Egs. (4a—4c)
with h = At, respectlvely Both operators £ and £” represent the
second-order Lax—~Wendroff explicit TVD differencing for convec-
tive terms and second-order central differencing for diffusive terms.
In the case of £ direction, the solution algorithm is expressed so that
the forcing term is treated properly in the solution process as

An+1 An h 7 1 I !
T L
ck: X ke ©)

1+hx(Qf o)

The algorithm can be expressed in the same manner in the 7 di-
rection. The operator £?, on the other hand, denotes a second-order
Runge-Kutta method for both convective and diffusive source terms
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In each case, it is obvious on inspection that the algorithm reduces
to the standard one for x = 0 and it gives simply Q"+ 1=9 ¢ for
x> L



1852

Grid System and Boundary Conditions

The configuration of the model employed in the wind tunnel
experiment? is also used in the present study. The jet exit is placed
on the stagnation point of the hemispherical nose, and its diameter
is equal to one-tenth of the body diameter. The domain of interest
is limited to the region that is bounded by the bow shock and the
body. Thus the main grid including 180 x 130 points is placed on
the body-fitting curvilinear coordinates, and the subgrid including
43 x 40 points is inserted into the sonic jet nozzle. The present
grid system is shown in Fig. 1. The grid points are clustered in the
vicinity of the body surface, the nozzle wall, and the jet exit re-
gion. All solutions to be described later, including the case without
a jet, have been obtained using the same computational grid here.
The flowfield was computed using coarser grids as a preliminary
study. It was found from the result that using a fine grid gives the
same solutions of unsteady flow as coarser grids, except slightly
high resolution of shocks and shear layers. Thus it can be con-
cluded that the present numerical solutions have converged to the
mathematical solutions.

The boundary conditions on each boundary of the computational
domain are implemented numerically as follows. On the main grid,
the variables on the inflow boundary are fixed to freestream values.
On the outflow boundary, the variables are given by linear extrapo-
lation from variables on the internal grid points. Those on the body
surface are given by no-slip, zero-pressure-gradient, and adiabatic
wall conditions. On the symmetric axis, zero-order extrapolation is
practical since this represents absence of flux condition across the
axis. On the other hand, in case of the subgrid, the same bound-
ary conditions as the main grid are implemented on the nozzle wall
and the symmetrical axis. At the nozzle inlet, the density and the
pressure are specified according to the prescribed total pressure ra-
tio and the total temperature. The velocities there are given by the
zero-order extrapolation from the downstream points under parallel
flow condition. Finally, the values on the jet exit boundary on each
grid are fortified in turn to the solution on the another grid.

The initial condition corresponds to an impulsive start. Before
start of calculations, the values on all inner grid points of the main
grid are initialized to those of a freestream, and those of the subgrid
are given as the analytical quasi-one-dimensional solution in the
sonic nozzle.

Flow Conditions

As described before, the existing experimental data” are used as
the basis for the present study. The time-averaged pressure on the
body surface and normal schlieren photographs are available for the
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Table 1 Flow conditions

Freestream Re 1.47 x 108
My 25
T()oo» K 294
Opposing jet M; 1.0
Ty, K 294
Py;/ Pooo 0.816~1.633

Fig.1 Computational grid system.

comparisons between the experiment and the present computation.
Since the objective of this study is to clarify the cause of a physi-
cal phenomenon, the present computation has been carried out on
one case of the experimental results, in which the freestream Mach
number and the jet exit Mach number are 2.5 and 1.0, respectively.
The flow parameters are shown in Table 1.

Results and Discussions
Comparisons with Experiment

Five total pressure ratios of a jet to a freestream are examined
to obtain the stable, unstable, and transitional flow. Figure 2 shows
the variation of the time-averaged body surface pressure at 15-deg
position measured from the symmetric axis. This position is located
in the recirculating region in every cases discussed here. An abrupt
rise of the pressure at a certain total pressure ratio corresponds to
the transition from an unstable flow to a stable flow. The computed
and experimental pressure curves agree qualitatively. The transition
occurs at nearly the same total pressure ratio both in the computation
and in the experiment.

A series of numerical solutions obtained at each time step are
averaged in time for comparison with the experiment. The upper
half of Fig. 3a illustrates the time-averaged density contours for the
stable flow. Comparing with the schlieren photograph shown in the
lower half, it can be said that the shapes and locations of the bow
shock and the Mach disk agree well with each other. In the upper half
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Fig.2 Surface pressure in recirculating region vs total pressure ratio.
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Fig.3 Time-averaged density contours and schlieren photographs.
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Fig.4 Time-averaged surface pressure distribution.
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Fig.5 Stable flow model.

of Fig. 3b, the time-averaged density contours for the unstable flow
are illustrated. Contrary to the stable flow case, contours of the bow
shock and the Mach disk are obscured, which seems to agree with
the schlieren photograph shown in the lower half. This may suggest
that the bow shock and Mach disk oscillate at a considerably large
amplitude, and the period of oscillation is much shorter than the
exposure time.

Comparisons of the surface pressure distribution between the
time-averaged numerical solutions and the experimental data are

shown in Figs. 4a and 4b. Considerable decrease in pressure around -

the jet occurs as a result of a large separation of the jet flow. In both
figures, pressure curves obtained from the computation agree fairly
well with the experimental data.

As a result of these comparisons, it was shown that many features
of the opposing jet flow observed in the experiments, such as the ex-
istence of stable and unstable flow and the transition between them,
can be explained through the numerical solution. Therefore, the ac-
curacy of the simplified flow model used under the assumption of
the axisymmetric flow can be considered as satisfactory in resolving
the opposing jet flowfield.

Stable Flow

Some researchers have already developed models of explain-
ing stable flow.*® A more precise model of explaining stable
flow is suggested here, on basis of the time-averaged numeri-
cal solutions described earlier. Figure 5 shows a new flow model
developed in the present study. Although this model is roughly
similar to previous ones, special attention is paid to the struc-
ture of the jet. It is illustrated that the supersonic flow, which
passes the barrel shock and the reflected shock emanating the triple
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Fig. 6 Time history of bow shock on axis.

point, is finally decelerated to subsonic speed by a terminal shock.
There is a subsonic pocket around the symmetrical axis bounded
by the bow shock, the Mach disk, and the terminal shock. The
fluid, which is nearly still in the subsonic pocket, begins to flow
downstream along the jet boundary and is accelerated again to
supersonic speed.

The existence of a slight unsteadiness has also been reported even
for the stable flow case. Figure 6a shows the time history of the bow
shock on the symmetrical axis for the stable flow, where the entire
flowfield is expected to be nearly stable. The solution oscillates
about its neutral position in an amplitude less than the width of the
thick line representing a bow shock in the photograph. An oscillation
with an amplitude this small cannot be found in a normal schlieren
photograph. Thus, this oscillatory solution may correspond to the
small oscillation described in previous studies.

Unstable Flow
Time Variation of Flowfield

Figure 6b shows the time histories of the bow shock on the sym-
metrical axis for the unstable flow. Contrary to the stable flow case,
the computed flowfield exhibits a nearly periodic oscillation with
large amplitude. The distance between the stagnation point and the
bow shock, measured along the symmetrical axis, reaches up to 2.8
times as that of the no-jet case, and its amplitude is about 15% of the
body diameter. Although there are no quantitative experimental data
to confirm this solution, it appears that this represents the oscillatory
flow observed in the wind tunnel experiments.

For the unstable flow case, the drastic change of the jet structure is
illustrated in a time series of instantaneous flowfields. Figures 7a—7h
show changes of the flowfield during the period of oscillation by
density contours. The solution on the subgrid is not shown here,
because there is no change of the flowfield in the nozzle after a steady
oscillatory solution in the main grid has been reached. The sequence
of the figures starts from the stage when the jet length is shortest
in the period of oscillation, as shown in Fig. 7a. At this moment,
the supersonic jet terminates through a nearly normal shock (Mach
disk) and immediately loses its total pressure down to the value of
the free stagnation. The structure of the first cell of the jet changes
with time to the regular reflection type, and the second cell of the
jet appears following the first cell as shown in Figs. 7b and 7c. As a
result, the jet length gradually increases so that both the bow shock
and the free stagnation also move away from the body, although the
position of the free stagnation is not discernible in the figures. At this
phase, the jet flow experiences a pair of oblique shocks in the first
cell, until being terminated by a normal shock in the second cell,
after which a longer distance is required to lose its total pressure
completely down to the value of the free stagnation.
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Fig.7 Time history of unstable flowfield.
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Fig. 8 Oscillatory flow model.

InFig. 7d, an abrupt transition of the shock structure in the first cell
occurs, when the regular reflection of the barrel shocks changes to
the Mach reflection. This is followed by the increase in the diameter
of the Mach disk, when the entire flow after the Mach disk becomes
subsonic, so that the Mach disk at the end of the second cell dis-
appears, as shown in Fig. 7e. The disappearance of the Mach disk
in the second cell means the breakdown of the second cell, which
is clearly visible in Fig. 7f. Subsequently, the jet length is suddenly
shortened, so that the bow shock and the free stagnation also be-
gin to move back toward the body, i.e., to the position as shown in
Fig. 7g. Consequently, the length of the first jet cell returns to the
original value at the end of the period, and a shape of the jet nearly
identical to the original one, as shown in Fig. 7h.

Oscillatory Flow Model

Love et al.2! made a detailed experimental and theoretical study
of axisymmetric freejets. Their most important finding was that the
jet structure changes from the Mach reflection type to the regular
reflection type, when the surrounding pressure is more than one-half
of the jet exit pressure. On the basis of the preceding finding on a
freejet, a model of the oscillation for the unstable flow is developed,
as illustrated in Fig. 8.

At the beginning of the cycle in Fig. 8a, where the bow shock
is at the most backward position in the period of oscillation and
the volume of recirculating region is at the minimum, there is only
one jet cell, which contains a normal shock at the end. At this time,

the pressure in the recirculating region, i.e., the pressure surrounding
jet, gives the maximum value, which is more than the threshold value
of the change of jet structure, as shown in Fig. 8b. Consequently,
the structure of first jet cell rapidly changes to the regular reflection
type, which is generally called slightly underexpanded jet, whereby
a second cell appears ahead of the first cell, as shown in Fig. 8c. This
means that the length of the jet, defined as the distance from the jet
exit to the free stagnation, increases with time. The length of the
jet is at the maximum value when the free stagnation point reaches
its most forward position. In this phase, the long jet including two
cells increases the volume of the recirculating region, reducing its
pressure. As a result, the pressure surrounding the jet may become
less than the threshold value of the change of the jet structure, and
the structure of the first cell changes to the Mach reflection type,
which is called highly underexpanded jet as shown in Fig. 8d. After
this change, the flow passing the Mach disk in the first cell becomes
subsonic, which causes the second cell to disappear instantly. The
free stagnation now rapidly moves backward, i.e., the length of
the jet decreases with time. Finally the length of the jet gives its
minimum value again, at which time the volume of the recirculating
region is also at its minimum, as shown in Fig. 8a. The change of
the flowfield repeats in this cycle.

Transition

Finley® has suggested the condition of transition between the sta-
ble and unstable flow by a theoretical analysis. According to Finley,
the transition occurs at the total pressure ratio at which the location
of the jet terminal shock coincides with that of the first intersection of
barrel shocks in a jet cell. The location of the jet terminal shock sat-
isfies the static condition of the opposing jet. On the other hand, the
location of the first intersection of barrel shocks coincides with that
of an equivalent freejet, whose surrounding pressure is equal to the
pressure in the recirculating region. The condition of Finley will be
validated here quantitatively, on the basis of the present numerical
results. To discuss Finley’s condition, it is necessary to obtain the
location of the Mach disk and the shock intersection on the axis as
a function of the total pressure ratio. The distance from jet exit to
the Mach disk that is required to attain the static condition has been
calculated by Romeo and Sterrett,?? using the formula of Ashke-
nas and Sherman,? which expresses the total pressure distribution
along the centerline of a sonic freejet. Furthermore, Love et al.?!
have measured the location of the first intersection of batre] shocks
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on the axis as a function of a ratio of the jet exit pressure to the sur-
rounding pressure. In the case of opposing jet flow, it is necessary
to use the value of computed pressure in the recirculating region as
that of the surrounding pressure.

Figure 9 shows the time history of the pressure in the recirculat-
ing region. The pressure tends to oscillate considerably with time
for both stable and unstable flow cases. In the stable flow case
(poj/ Pose = 1.633) asinFig. 9a, the amplitude of each oscillation of
the surrounding pressure is nearly constant, and no abrupt peak ex-
ists. On the other hand, in the unstable flow case (po;/ poo = 0.816)
as in Fig. 9b, steep peaks of the pressure can be observed that are
due to the impingement of the broken jet fiow on the body surface.
The thresholds of transition of the shock reflection in the first jet
cell are also shown in these figures. Each dashed line represents
the threshold, under which the Mach reflection exists whereas over
which the regular reflection appears. In the stable flow case, the
surrounding pressure is under the threshold throughout the period,
i.e., only the Mach reflection appears. This corresponds well with
the observations of the computed density contours. To the contrary,
in the unstable flow case, the surrounding pressure occasionally ex-
ceeds the threshold, so that both types of reflection appear in a single
period. As is described earlier, the surrounding pressure oscillates
intensely in both cases, and thus time-averaged values are employed
for the present estimation.

Figure 10 gives the variation of the location of the shock intersec-
tion with the total pressure ratio. The curve represents the location
of the Mach disk. As shown in this figure, the location of the inter-
secting shock coincides with that of the Mach disk, when the total
pressure ratio is about 1.0. Above this value, the distance from the
stagnation point to the intersecting shock is larger than that to Mach
disk, so that the incoming flow to the Mach disk is not disturbed
by any shock wave. On the other hand, under the value, the barrel
shocks intersect with each other on the axis before the Mach disk,
so that the expanding flow terminates at the intersecting point. As
a result, a second jet cell appears before the terminal Mach disk.
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If Finley’s condition is applied, it is anticipated that the flowfield
becomes stable above the total pressure ratio of 1.0. This predic-
tion agrees quite well with the computation here as well as the
experimental result. Therefore it is satisfactory to say that Finley’s
condition is quantitatively validated.

Concluding Remarks

A model that explains the mechanism of oscillations of an op-
posing jet from a hemispherical nose has been developed in the
present study. Based on the analysis of the numerical solutions
and the existing experimental results, the following conclusions can
be drawn.

1) The computations have successfully reproduced the oscilla-
tions in the stable and the unstable flows as well as the transition
between both flows. The time-averaged pressure on body surface
and the threshold of transition agree quantitatively with the experi-
mental data.

2) In the unstable flow case, the changes of the jet structure and the
pressure in the recirculating region function as a feedback mecha-
nism. Thus a self-excited oscillation of the flowfield occurs between
two possible equilibrium states.

3)Ithas been quantitatively validated by the present numerical so-
lutions that Finley’s condition represents the condition of transition
between stable and unstable flows.

An another case was computed, in which the jet condition was
specified simply as the boundary condition at the jet exit. The result
showed no significant difference from the present case except slight
discrepancies in the periods of oscillation and the surface pressure
near the jet exit. However, further consideration should be given to
clarify the effect of the nonuniform jet exit flow. The author expects
that a new path has opened in the research of oscillatory opposing
jet flow by the present study and is also convinced that the validity
of the present flow models will be demonstrated by further studies.

Appendix: FSA

The FSA is based on the fortified Navier—Stokes (FNS) approach
developed by Van Dalsem and Steger.?*? In the original FNS ap-
proach, the solution of the boundary-layer equation has been added
to the Navier-Stokes equations as a forcing term to improve the effi-
ciency and the accuracy of an algorithm. Based on their work, Fujii
has applied the FNS concept to zonal grids that are used for com-
plex configurations. This is called the FSA for generality, because
the governing equations do not need to be the Navier~Stokes equa-
tions in his approach. In short, the FSA utilizes the FNS concept to
transfer the information of the connected zones among cach other.

Inthe FSA as well as the ENS, the forcing term x (Q ¢ —Q), includ-
ing a switching parameter yx, is added to the governing equations.
For x > 1, the forcing term becomes excessively large compared
with all of the other terms, so that the equations are reduced to just
0 = Qy, ie., the @ variables are fortified. To the contrary, for
x = 0, the forcing term vanishes and the original equations reap-
pear. In this way, one can force any solution @ at some portion
of the computational domain, where a very large x is given as the
switching parameter.

Using the modified equations described earlier, a zonal method is
defined. Consider a slightly overlapped zonal grid in which the grid
points on zone 1 and zone 2 coincide with each other. When zone
1 is solved, if x is set to be sufficiently large and Q variables are
specified by Q of zone 2 at the previous time step, the solution on
zone 2 is automatically fortified in the overlapping boundary region.
The same is true for zone 2 when zone 2 is solved. In this way, the
solution on the other grid is given as the interface boundary condition
of one grid, and the algorithm can maintain high-order accuracy at
the grid interface. Detailed features and some applications of the
FSA are described in the papers of Fujii et al.!* and Fujii."
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